A numerical model for predicting the effective thermal conductivity of fused silica fiber/aerogel composites by simultaneously considering the effects of the fiber volume fraction and fiber diameter is presented. The predicted effective thermal conductivity of the fiber/aerogel composites agreed well with the existing measured and predicted results. The effects of the volume fraction (0-25%) and diameter (0.3-10 µm) of fibers on the effective thermal conductivity of aerogel composites were investigated under a large range of temperatures (300-1300 K). The results indicated that the minimum effective thermal conductivity of the fiber/aerogel composites by simultaneously considering the optimized fiber volume fraction and diameter was significantly lower than when individually considering the optimized fiber volume fraction and diameter values. For instance, the minimum effective thermal conductivity by simultaneous optimization
INTRODUCTION
Silica aerogels with a three-dimensional (3D) nanoporous structure have well been acknowledged as one of the most interesting super-thermal insulating materials (Aegerter et al., 2011; Koebel et al., 2012) owing to their extremely low thermal conductivity, which can be as low as 0.01 W·m −1 ·K −1 (Kistler, 1932) , and they have been used in aeronautics and astronautics, construction, and other industrial fields (Papadopoulos, 2005; Schmidt and Schwertfeger, 1998) . The super low thermal conductivity of an aerogel is attributed to its nanopores (2-50 nm), high porosity (approximately 85-99%), and humongous shields to heat radiation (Han, 2013; Martinez-Gomez and Soria, 2000; Shan and Wang, 2013; Wang et al., 2013; Zeng et al., 1995a) . However, the weak strength and high transparency of aerogels at a wavelength of 3-8 µm limit their application in thermal insulation (Baetens et al., 2011; Zeng et al., 1995b) . Reinforced fibers have recently been added to the aerogel matrix, both to improve the strength and to reduce the radiative transfer, because the fibers have tremendous scattering or absorption, especially at a wavelength of 3-8 µm (Liao et al., 2012) .
Very recently, there have been some studies reporting calculations of the effective thermal conductivity of fiber/aerogel composites when the fibers were distributed orderly, randomly in plane, or randomly in space within the aerogel composites. Wu et al. (2014) proposed a heat transfer model of multilayer-aligned fiber-reinforced aerogel composites based on the unit cell of the sur- Zhao et al. (2012b) analyzed the effect of the fiber types on the effective thermal conductivity of fiber/aerogel composites when the fiber was randomly distributed in plane by using the series/parallel hybrid model. They found that the thermal conductivity of fiber/aerogel composites can be reduced by 90% compared to that of pure aerogel at 1300 K when the volume fraction, diameter, and slant angle of the glass fiber are 3%, 4 µm, and 5
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• , respectively. Xie et al. (2013) investigated the effect of temperature on the thermal conductivity of fiber/aerogel composites when the fiber was randomly distributed in space by using the Hamilton model. The effective thermal conductivities of glass fiber/aerogel composites at 0.0313, 0.0488, and 0.0927 W m −1 K −1 were obtained at 300, 600, and 900 K, respectively, when the fiber mass fraction was 30% and the fiber diameter was 8 µm.
The fiber volume fraction and fiber diameter are two important parameters that influence the thermal conductivity of fibrous materials (Tong and Tien, 1983; Wang et al., 2007 Wang et al., , 2009 ). The individual effects of the fiber volume/mass fraction and the fiber diameter on the thermal conductivity of fiber/aerogel composites have been investigated with the aim of optimizing the thermal insulation of fiber/aerogel composites. Zeng et al. (1995b) investigated the effect of the mass content of a carbon opacifier on the thermal conductivity of aerogel composites. The lowest thermal conductivity of carbon opacified aerogel composites could be lowered by one-third that of pure aerogels when the mass content of the carbon opacifier is approximately 8% at ambient temperature. Xie et al. (2013) investigated the effect of the content of a SiC opacifier on the thermal conductivity of aerogels. They found that the preferable mass contents relevant to the lowest thermal conductivities were 7 and 14% at 600 and 900 K, respectively. Zhao et al. (2012c) explored the effect of the fiber diameter (2-10 µm) on the radiative property and thermal conductivity of silicon fiber/aerogel composites. The results showed that the preferable diameters relevant to the lowest thermal conductivities were 10 and 4-6 µm at 300 and 1000 K, respectively, when the volume fraction of the silicon fiber was 2%. Subsequently, in relation to amorphous SiO 2 glass fiber/aerogel composites, Zhao et al. (2012a) demonstrated that the preferable fiber diameter relevant to the lowest thermal conductivity was of 4-8 µm when the fiber volume fraction was 2%.
However, in the literature, there are very few studies on the thermal conductivity of fiber/aerogel composites that simultaneously consider the effect of the fiber volume fraction and the fiber diameter. In this paper, the thermal conductivities of fiber/aerogel composites are optimized by simultaneously considering these two important parameters, i.e., the fiber volume fraction and the fiber diameter, with the aim of obtaining the best thermal insulation for fiber/aerogel composites.
THEORETICAL ANALYSIS
In this study, fused silica fibers with purity higher than 99.5% SiO 2 and a melting point higher than 1600 K (Bansal and Doremus, 1986; Lee and Cunnington, 2000) were used to reinforce the silica aerogel in order to form fiber/aerogel composites. The diameter of the fused silica fibers was 0.3-10 µm and the ratio of the length to the diameter was greater than 1000. The complex refraction index (m = n -iκ) of the fused silica fibers in the wavelength range of 0.5-25 µm is shown in Fig. 1 (Kitamura et al., 2007; Palik 1998) , where n and κ are the refractive and absorption indices, respectively.
Fused silica fibers, approximately 10 mm in length, were added to the silica sol to obtain a fiber/silica gel. The as-obtained fiber/silica gels were surface modified and dried at ambient pressure in order to prepare the silica fiber/aerogel composites. Detailed descriptions of the preparation procedures can be found in Liao et al. (2012) and Wu et al. (2014) . Figure 2 (b) shows a scanning electron microscope (SEM) image of the silica aerogel. It can be observed that the silica aerogel has a nanoporous structure with particle sizes of 2-5 nm and pore sizes of 2-50 nm (Han, 2013) , which are smaller than the mean-free path of oxygen and nitrogen. Figure 2 (c) shows a SEM image of the composite structure of the fused silica fiber and the silica aerogel. It can be observed that the fibers are randomly distributed in the silica aerogel matrix and are approximately parallel to the cutting plane. Here, it can be assumed that the fibers are perpendicular to the direction of heat flow. It can also be observed from Fig. 2 (c) that the fibers are wrapped by the aerogel without direct contact between the fibers. Based on the heterogeneous analysis of short fiber composites by Pan (1994) , it can be assumed that the fibers and aerogel are uniformly mixing and that the contact resistant between the fibers and aerogel is negligible. Figure 2 (d) shows the scattering in a single cylindrical fiber with obliquely incident radiation. The inclination angle, ϕ, describes the extent of the fiber direction deviating from the cutting plane (A); if the fiber is in the cutting plane (A) or the fiber axis is perpendicular to the direction of heat flow, ϕ equals zero.
Extinction Factor of Fused Silica Fiber
In order to calculate the extinction factor of fused silica fibers, some simplified approximations need to be clarified according to the Van de Huslst parameter, P = 2πD |m − 1|/λ, where D and λ are the diameter of the fused silica fiber and the wavelength, respectively. In this paper, thermal radiation mainly occurs in the wavelength range of 0.5-25 µm for the calculated temperature range of 300-1300 K, following Wien's energy distribution law (Planck, 1901) . Accordingly, parameter P can be calculated in the range of [0.0009, 350] . Therefore, the simplified Mie and Rayleigh scattering theories were used to calculate the extinction factor of the fused silica fibers (Barth, 1984) .
The extinction factor of the fused silica fibers was calculated according to the Mie theory as follows by using the forward recursive calculation method in the MAT-LAB (The Mathworks, Massachusetts) program (Xie et al., 2013) :
where Re is the real part; x is the size factor defined as πD/λ; and a n and b n are Mie coefficients, which are functions of the fiber complex refractive index for infinitely long cylindrial fibers expressed as follows (Bohren and Huffman, 1983) :
where J n is the Ricatti-Bessel function of the first kind; and H
(1) 
Then, the scattering coefficients can be transferred as
Rayleigh scattering is more obvious in small fiber diameters, especially at short wavelengths, which is known as Rayleigh's inverse fourth-power law (Modest, 2013) . The extinction factor of Rayleigh scattering is calculated as follows (Zhao and Hu, 2003) :
where Q sca,R and Q abs,R are the scattering and absorption factors of Rayleigh scattering, respectively; and Im denotes the imaginary part. The total extinction factor is the integrative effect of the simplified Mie extinction and Rayleigh extinction theories of bridge technology, given as (Zhao et al., 2012c; Zhao and Hu, 2003) :
where c 2 = 2 |m−1| .
Extinction Coefficient and Thermal Conductivity of Fiber/Aerogel Composites
Based on the extinction factor of the fused silica fiber, the spectral extinction coefficient of the fiber can be calculated for various spectral lengths by (Cunnington and Lee, 1996) 
where d denote the range of the angular orientations of the fibers. Because the fused fibers are randomly distributed in plane and perpendicular to the heat flow, the incident angle θ equals 90
• and Eq. (4) is simplified to
Therefore, the spectral extinction coefficient of the fiber/aerogel composites can be calculated as follows (Zhao et al., 2012a) :
where β eλ,a is the spectral extinction coefficient of the aerogel (see Zeng et al., 1996) . For optically thick fiber/aerogel composites, the Rosseland mean extinction coefficient can be calculated as follows (Wei et al., 2013) :
where E bλ is the spectral blackbody emissive power calculated by Planck's law; and E b is the blackbody emissive power, defined as (Modest, 2013 )
where σ = 5. −23 J·K −1 is the Boltzmann constant, where n T is the recombination effective refractive index of the composite environment changing with the wavelength and surrounding temperature. A transformation to eliminate the direct relation between n T and λ is needed to satisfy the previous formula. Since the wavelength is related to temperature via energy fraction, we can make an approximate calculation for n T as follows:
where n c,λ is the spectral refractive index of the composite, which can be approximately calculated by n c,λ = ∑ m i=1 n i,λ f i , where n i,λ is the spectral refractive index of the components and f i is the volume fraction of the components. A discussion on the spectral refractive index of aerogel can be found in Zeng et al. (1996) .
According to previous research (Lee and Cunnington, 2000; Wei et al., 2011; Zhao et al., 2012a) , aerogels and fiber/aerogel composites can be considered optically thick since their thickness is great (e.g., 1-5 cm) when used in thermal insulation applications. Based on this assumption, the radiative thermal conductivity of fiber/aerogel composites can be calculated as follows by the diffusion approximation (Modest, 2013) :
The conductive thermal conductivity of composites is a combination of the conductive thermal conductivities of the aerogel and fiber. Because fibers are assumed to be predominantly oriented in planes normal to the heat flow direction and fibers in an aerogel matrix are uniformly mixed without contact between the fibers, the conductive thermal conductivity can be calculated by the series model as follows (Wang and Pan, 2008) :
where k c,a is the gas/solid-coupled thermal conductivity of the aerogel, taking into consideration the convection heat transfer of the restricted gas and the contact resistance; and k c,f is the conductive thermal conductivity of fibers. The calculation for k c,a is the fractal-intersecting sphere model (Xie et al., 2013) , briefly expressed as
where s represents the stage of the Sierpinsky sponge; γ is the side ratio, defined as the ratio of the length of the internal pore to the length of the cubic array; and k g is the gas phase thermal conductivity. Here, k unit is the effective thermal conductivity of the basic unit cell, written as
where M = cos [arcsin (a)]; a represents the ratio of the contact length to the diameter of the silica particle; and k s is the conductive thermal conductivity of the nanoparticles.
In Eq. (13), a polynomial fit for the conductive thermal conductivity of the fused silica under a temperature variation of 300-1600 K was given as follows (Incropera and DeWitt, 1981; Lee and Cunnington, 2000) : 
RESULTS AND DISCUSSION

Validation of the Calculations
In the present prediction, the effective thermal conductivity was calculated by summing the conductive thermal conductivity based on the fractal-intersecting sphere model [Eqs. (24) and (25)] and the radiative thermal conductivity based on the optically thick assumption [Eq. (22)]. The spectral extinction coefficients of silica aerogel were obtained by Wei et al. (2011) and the complex refraction indices of the fused silica fibers were obtained by Kitamura et al. (2007) and Palik (1998) . The calculated effective thermal conductivity of the pure silica aerogel matched well with the experimental data (Wei et al., 2011) as shown in Fig. 3(a) .
FIG. 3:
Comparison of predicted and measured thermal conductivity: (a) effective thermal conductivity of the silica aerogels; (b) thermal conductivity of the fused silica in vacuum; (c) and (d) effective thermal conductivity of the fused silica/aerogel composites Figure 3 (b) shows a comparison of the predicted effective thermal conductivity of the fused silica fiber under the vacuum condition in the present model and the measured effective thermal conductivity with a maximum experimental uncertainty of 10% according to Lee and Cunnington (2000) . The predicted results were calculated using Eqs. (22), (27), and (28) when the fiber diameter and volume fraction were preset as 1.7 µm and 0.0692, respectively. Figures 3(c) and 3(d) show comparisons of the effective thermal conductivities of the fused silica fiber/aerogel composites between the predicted values in the present model and the measured values in Lee and Cunnington (1998) , with maximum experimental uncertainty of 11-13% when the fiber diameter was 2.38 µm. It can be observed that the predicted and measured effective thermal conductivities agree well with each other, although slight deviation exists. This slight deviation was possibly caused by the interlacing connections between fibers in the silica fibers or fiber/aerogel composites. In the calculation for the extinction coefficients of the fibers, the fibers were assumed to be independent, while in fact interlacing fibers always exist in thermal insulation applications.
Effects of the Fiber Volume Fraction and Fiber Diameter on the Thermal Properties of Fiber/Aerogel Composites
The extinction coefficients and thermal conductivities of fiber/aerogel composites are calculated as the fiber volume fraction varied in the range of 0-25% and the fiber diameter varied in the range of 0.3-10 µm at various temperatures (300-1300 K). In the calculation, the volume density of pure aerogel was preset as 110 kg·m −3 . Figure 4 shows the predicted thermal properties (i.e., extinction coefficient, radiative thermal conductivity, and effective thermal conductivity) of the fiber/aerogel com-
Effect of the Fiber Volume Fraction
FIG. 4:
Effect of the fiber volume fraction on the thermal properties of the fiber/aerogel composites: (a) and (b) mean extinction coefficient; (c) radiative thermal conductivity; (d) effective thermal conductivity posites for various fiber volume fractions when the fiber diameter was 3 µm. Figure 4 (a) shows that the mean extinction coefficient of the pure aerogel decreases as the temperature is increased. As a comparison, for the fiber/aerogel composites, their mean extinction coefficients first decreased below 500 K and then significantly increased as the temperature increased. Moreover, the reinforced fiber significantly improved the mean extinction coefficient of the aerogel composites, especially at high temperature. For example, the mean extinction coefficients of the fiber/aerogel composites were 13,480 and 22,130 m −1 for 3 and 8%, respectively, compared to 4560 m −1 for the pure aerogel at 300 K. At 1000 K, the mean extinction coefficients of the fiber/aerogel composites were 16,310 and 36,620 m −1 for 3 and 8%, respectively, compared to 780 m −1 for the pure aerogel. Therefore, the mean extinction coefficient of the fiber/aerogel composites increases as the fiber volume fraction is increased, which can also be observed in Fig. 4(b) .
Figure 4(c) shows the radiative thermal conductivity of the fiber/aerogel composites for various fiber volume fractions at various temperatures. The radiative thermal conductivity of fiber/aerogel composites significantly decreases as the fiber volume fraction is increased. Figure 4(d) shows the effective thermal conductivity of the fiber/aerogel composites for various fiber volume fractions at various temperatures. Compared to the pure aerogel from Fig. 3(a) , the effective thermal conductivity of the fiber/aerogel composites is significantly decreased, especially at high temperatures, which is attributed to the scattering and absorption of the fibers. For example, the effective thermal conductivities of the fiber/aerogel composites with fiber volume fractions of 1 and 8% are 0.0664 and 0.0283 W·m −1 ·K −1 , respectively, compared to the pure aerogel (0.4204 W·m −1 ·K −1 at 1000 K). The effective thermal conductivities of the fiber/aerogel composites with fiber volume fractions of 1 and 8% were 0.0174 and 0.0180 W·m −1 ·K −1 , respectively, compared to the pure aerogel (0.0181 W·m −1 ·K −1 at 300 K). The minimum effective thermal conductivity of the fiber/aerogel composites at 0.0174 W·m −1 ·K −1 occurred when the fiber volume fraction was 3% at 300 K. This is because the radiative thermal conductivity of the aerogel composites decreases while the conductive thermal conductivity of the aerogel composites increases when the fiber volume fraction is increased. Therefore, the effective thermal conductivity of the fiber/aerogel composites would be minimized by simultaneously evaluating the effect of the fiber volume fraction on the radiative and conductive thermal conductivities at constant fiber diameters. Figure 5 shows the predicted thermal properties of the fiber/aerogel composites for various fiber diameters when the fiber volume fraction was 2%. It can be observed from Fig. 5(a) that the mean extinction coefficient of the fiber/aerogel composites is significantly greater than that of the pure aerogel. When the fiber diameters are increased from 0.3 to 3 µm, the mean extinction coefficients of the fiber/aerogel composites increase at temperatures of 300-1300 K. However, when the fiber diameters are increased from 3 to 10 µm, the mean extinction coefficients of the fiber/aerogel composites decrease at high temperatures. It can be deduced that the maximum extinction coefficients of the fiber/aerogel composites at high temperatures would occur at approximately 3 µm. This is consistent with the maximum extinction coefficients of the fibers under the vacuum condition (7010, 8000, 9090, and 10150 m −1 ) obtained for fiber diameters of 3, 2.7, 2.45, and 2.3 µm at 1000, 1100, 1200, and 1300 K, respectively, as shown in Fig. 5(b) .
Effect of the Fiber Diameter
Figure 5(c) shows the effective thermal conductivity of the fiber/aerogel composites for various fiber diameters at various temperatures. It can be observed that the optimal diameters of the fiber/aerogel composites, with the aim of finding the minimum effective thermal conductivity, are about 8 µm at 300-500 K, 5 µm at 500-800 K, and 3 µm at 800-1300 K. For instance, the effective thermal conductivity of the composites at 5 µm is higher than that at 8 µm for the temperature range of 300-500 K, and also higher than that at 1 and 3 µm for the temperature range of 800-1300 K. This is because the minimum effective thermal conductivity of the composites under the optimal diameter is attributed to the maximum extinction coefficient of the fibers because the fiber diameter only influences the radiative thermal extinction of the fibers. Also, in our calculation for the extinction factor (corresponding to the extinction coefficient) of the fibers, the maximum extinction factor for the infinite cylindrical fiber happens when the wavelength of the incident light is equal to the fiber diameter (namely, λ = D or X = π) for a fiber complex refraction index of 1 (namely, m = 1), and the size factor for the maximum extinction factor is slightly varied with the variation of the complex refraction index. Based on Wien's displacement law (Planck, 1901) , the majority of the light (peak wavelength λ max ) occurs at a wavelength of about 5 µm for the temperature range of 500-800 K, which is mainly the reason why the optimal diameter of the composites is about 5 µm at 500-800 K. Also, the effective thermal conductivity of the composites
FIG. 5:
Effect of the fiber diameters on the thermal properties: (a) mean extinction coefficient of the fiber/aerogel composites; (b) mean extinction coefficient of the pure fibers; (c) effective thermal conductivity of the fiber/aerogel composites increases when the fiber diameter is away from the peak wavelength. For instance, the distance from 0.3, 0.5, and 10 µm to 5 µm (peak wavelength for 500-800 K) is larger than the distance from 8 to 5 µm. It can be observed from Fig. 5(c) that the effective thermal conductivities of the composites at 0.3, 0.5, and 10 µm are larger than that at 8 µm for 500-800 K.
Optimal Design for the Best Thermal Insulation
The joint effect of the fiber volume fraction and the fiber diameter was investigated with the aim of minimizing the effective thermal conductivity of fiber/aerogel composites in order to find the best thermal insulation.
Figures 6(a) and 6(b) show two-dimensional (2D) and 3D variations of the effective thermal conductivity of the fiber/aerogel composites at 300 K for various fiber volume fractions and fiber diameters, respectively. It can be observed that the minimum effective thermal conductivity (k min ) of the fiber/aerogel composites (0.0170 W·m −1 ·K −1 at 300 K) can be obtained when the fiber volume fraction and the fiber diameter are 1.3% and 8.6 µm, respectively. Optimization of the fiber volume fraction and the fiber diameter in the present study is within one decimal of precision owing to the limitation of the calculation load.
Figures 7(a) and 7(b) show 2D and 3D variations of the effective thermal conductivity of the fiber/aerogel composites at 1000 K for various fiber volume fractions and fiber diameters, respectively. It can be observed Table 1 lists the k min values of the fiber/aerogel composites and the relevant optimal fiber volume fractions and optimal fiber diameters at temperatures in the range of 300-1300 K. Figure 8 shows the relations of k min , optimal fiber volume fraction, and optimal diameter at various temperatures. Figure 8(a) shows that the minimum effective thermal conductivity of the fiber/aerogel composites increases when the environment temperature is increased. The relation of the minimum effective thermal conductivity and the temperature can be fitted by using a cubic equation with a maximum deviation of 0.4% as follows:
Figure 8(b) shows that the optimal fiber volume fraction increases, whereas the optimal fiber diameter decreases as the environment temperature is increased. The optimal fiber volume fraction increases because the mean extinction coefficient of the fiber increases and the thermal conductivity of the fiber/aerogel composites decreases as the environment temperature increases, as shown in Figs. 4(b)-4(d). The optimal fiber diameter decreases because the maximum mean extinction coefficient of the fiber or the composites and the minimum effective thermal conductivity move to a smaller diameter as the temperature increases, as shown in Figs. 5(a)-5(c). The relation of the optimal fiber volume fraction and the temperature can be fitted by using a quadratic equation with a maximum deviation of 7.9% as follows:
The relation of the optimal fiber diameter and the temperature can be fitted by using a quadratic equation with a maximum deviation of 7.0% as follows:
The minimum effective thermal conductivity of fiber/ aerogel composites can be derived by simultaneously optimizing the fiber volume fraction and fiber diameter. A fiber diameter of 8 µm or a fiber volume fraction of 3% is commonly used to predict the effective thermal conductivity of composites. As a comparison, the minimum effective thermal conductivity is predicted by individually optimizing the fiber diameter of 8 µm or the fiber volume fraction of 3%, as listed in Tables 2 and 3 . It can be observed that the minimum effective thermal conductivity of the fiber/aerogel composites decreases by simultaneously optimizing the fiber diameter and volume fraction compared to individually optimizing the fiber volume fraction or fiber diameter, which is also shown in Fig. 9 . For instance, the minimum effective thermal conductivity of the fiber/aerogel composites by simultaneously optimizing the fiber volume fraction and fiber diameter was by individually optimizing the fiber diameter or fiber volume fraction, respectively, at 300 K. Similarly, the minimum effective thermal conductivity of the fiber/aerogel composites by simultaneously optimizing the fiber volume fraction and fiber diameter was 0.0354 W·m −1 ·K −1 , while it was 0.0766 or 0.0510 W·m −1 ·K −1 by individually optimizing the fiber diameter or fiber volume fraction, respectively, at 1300 K. It can be deduced that the minimum effective thermal conductivity of fiber/aerogel composites by simultaneously optimizing the fiber volume fraction and fiber diameter has better thermal insulation than by individually optimizing the fiber volume fraction or fiber diameter.
CONCLUSIONS
In this study, the effect of the fiber volume fraction and fiber diameter on the minimum effective thermal conductivity was studied with the aim of optimizing the thermal insulation of fiber/aerogel composites. The predicted effective thermal conductivity of the fiber/aerogel composites agreed well with previously measured and predicted data. The predicted minimum effective thermal conductivity of the fiber/aerogel composites by simultaneously optimizing the fiber volume fraction and the fiber diameter was significantly lower than that by individually optimizing the fiber volume fraction or the fiber diameter. The optimal volume fraction of fused silica increased from 1.3% at 300 K to 18.2% at 1300 K, whereas the optimal diameter decreased from 8.6 µm at 300 K to 2.5 µm at 1300 K when the temperature was increased. By validation and analysis, we have proposed some quantitative relations of the minimum effective thermal conductivity, optimal fiber volume fraction, and fiber diameter at various temperatures.
